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Mutually unbiased maximally entangled bases in
C
d ⊗ Cd ∗
Junying Liu, Minghui Yang, Keqin Feng
Abstract We study mutually unbiased maximally entangled bases (MUMEB’s) in
bipartite system Cd ⊗ Cd(d ≥ 3). We generalize the method to construct MUMEB’s
given in [16], by using any commutative ring R with d elements and generic character
of (R,+) instead of Zd = Z/dZ. Particularly, if d = p
a1
1 p
a2
2 . . . p
as
s where p1, . . . , ps are
distinct primes and 3 ≤ pa11 ≤ · · · ≤ pass , we present pa11 − 1 MUMEB’s in Cd ⊗ Cd by
taking R = Fpa11 ⊕ · · · ⊕ Fpass , direct sum of finite fields (Theorem 3.3).
Keywords Mutually unbiased bases · Maximally entangled states · Pauli matrices ·
finite field · generic character
1 Introduction
Mutually unbiased bases (MUB) play central roles in quantum kinematics [1], quantum
state tomography [2,3] and quantifying wave-particle duality in multipath interferome-
ters [4]. Moreover, the importance of the MUB has been demonstrated in various tasks
of quantum information processing such as quantum key distribution [5], cryptographic
protocols [5,6], mean king problem [7] and quantum teleportation and superdense cod-
ing [8-10].
Definition 1.1 Two orthogonal bases B1 = {|φi〉 : 1 ≤ i ≤ d} and B2 = {|ψi〉 : 1 ≤
i ≤ d} of Cd are called mutually unbiased if
|〈φi|ψj〉| = 1√
d
, (1 ≤ i, j ≤ d).
A set of orthonormal bases B1,B2, . . . ,Bm in Cd is called mutually unbiased bases
(MUB) if every pair of Bi and Bj (1 ≤ i 6= j ≤ d) is mutually unbiased.
For each integer d ≥ 2, let N(d) be the maximal number m such that there exist
MUB {B1,B2, . . . ,Bm} in Cd. It is proved that N(d) ≤ d + 1 and N(d) = d + 1 if d
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is a prime power. The last result has been proved in different points of view and one
of proofs was given in [11] by using finite field (for d = pm, p ≥ 3) and Galois ring
GR(4, m) (for d = 2m). If d is not a prime power, to determine the value of N(d) is an
open problem.
In this paper we study mutually unbiased maximally entangled bases (MUMEB’s)
in bipartite system Cd ⊗ Cd. For 2 ≤ d ≤ d′, a (pure) maximally entangled state in
Cd ⊗ Cd′ can be written as
|ψ〉 = 1√
d
d−1∑
i=0
|ei〉 ⊗ |e′i〉,
where {|ei〉 : 0 ≤ i ≤ d − 1} and {|e′i〉 : 0 ≤ i ≤ d′ − 1} are orthonomal bases
of Cd and Cd
′
respectively. Maximally entangled states play vital role in quantum
information processing [1, 12-15]. Let M(d, d′) be the maximal size m of mutually
unbiased maximally entangled bases (MUMEB’s) {B1,B2, . . . ,Bm} in Cd ⊗ Cd′, where
each Bi is an orthonormal basis of Cd⊗Cd′ consisted of dd′ maximally entangled states
and for 1 ≤ i 6= j ≤ m, Bi and Bj are mutually unbiased. One of the basic problem is
how large of M(d, d′) could be. A general method to construct MUMEB in Cd ⊗ Cd′
for d′ = kd(k ≥ 1) has been given in [16] and showed M(2, 4) ≥ 5 and M(2, 6) ≥ 3.
Namely, five and three MUMEB’s have been constructed in C2 ⊗ C4 and C2 ⊗ C6
respectively by using this construction method. In [17], authors presented a method
to construct a pair of MUMEB’s in Cd ⊗ C2ld′ for all l ≥ 1 from a pair of MUMEB’s
in Cd ⊗ Cd′ .
In this paper we study MUMEB’s in Cd⊗Cd(d ≥ 2). Firstly, in Section 2 we slightly
generalize the construction method presented in [16] by using any commutative ring
R with d elements and generic character of (R,+) instead of Zd = Z/dZ. Then, in
Section 3, we construct MUMEB’s in Cd ⊗ Cd by using this generalization (Theorem
3.2). Particularly, if d = pa11 . . . p
as
s where p1, . . . , ps are distinct primes and 3 ≤ pa11 ≤
· · · ≤ pass , we get pa11 − 1 MUMEB’s in Cd ⊗ Cd by taking R = Fpa11 ⊕ · · · ⊕ Fpass . In
Section 4 we give conclusion and raise some open problems.
2 General Construction onMUMEB’s in Cd⊗Cd(d ≥
2)
In this section we introduce the general construction on MUMEB’s in Cd⊗Cd given
in [16] with a slight generalization. Namely we use any commutative ring R with d
elements and generic additive character instead of Zd.
We fix an orthonormal basis {er : r ∈ R} of Cd and consider the following maximally
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entangled state
|ψU〉 = 1√
d
∑
r∈R
|er〉 ⊗ U |er〉 (2.1)
where U is an unitary operator (matrix) of Cd so that {U |er : r ∈ R} is an orthonormal
basis of Cd. Let U = (ur,s)r,s∈R(urs ∈ C), then
U |er〉 =
∑
s∈R
ur,s|es〉 (r ∈ R).
Remark that U is unitary if and if UfU = Id where U
f = (ufrs), u
f
rs = usr. Therefore
U is unitary if and only if for any r, s ∈ R,
∑
l∈R
ulruls = δrs =
{
1, if r = s
0, otherwise.
A character of the additive group (R,+) is an isomorphism of groups λ : (R,+)→
〈ζd〉(ζd = e 2pi
√
−1
d ) which means that λ(r+s) = λ(r)λ(s), λ(0) = 1, and λ(r) = λ−1(r) =
λ(−r). In this paper, we assume that
there exists a “generic” character λ of (R,+) which means that for any 0 6= a ∈ R,
∑
r∈R
λ(ar) = 0.
Next we act on |ψU〉 (of (2.1)) by Pauli (or called Weyl-Heisenberg) operatorsHξ,η(ξ, η ∈
R) to get the following d2 maximally entangled states
Hξ,η|ψU〉 = 1√
d
∑
r∈R
λ(rξ)|er〉 ⊗ U |er+η〉, (2.2)
where λ is a fixed generic character of (R,+).
Lemma 2.1 (1). For any unitary operator U on Cd,
ΦU = {Hξ,η|ΨU〉 : ξ, η ∈ R} (2.3)
is an orthonomal maximally entangled basis (MEB) in Cd ⊗ Cd.
(2). For two unitary operators U and V on Cd, let W = UfV = (ωrs)r,s∈R. Then
two MEB’s ΦU and ΦV in C
d⊗Cd are mutually unbiased if and only if for any ξ, η ∈ R,
|
∑
r∈R
λ(ξr)ωr,r+η| = 1.
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Proof. (1). For ξ, ξ′, η, η′ ∈ R, the hermitian inner product of Hξ,η|ψU〉 and Hξ′,η′ |ψU〉
is, by (2.2)
1
d
∑
r,r′∈R
λ(rξ)λ(r′ξ′)〈er|er′〉〈er+η|UfU |er′+η′〉
=
1
d
∑
r∈R
λ((r(ξ′ − ξ))〈er+η|er+η′〉 (since 〈er|er′〉 = δr,r′ and UfU = Id)
=
1
d
∑
r∈R
λ((r(ξ′ − ξ))δη,η′ = δξ,ξ′ · δη,η′ (since λ is generic)
Therefore ΦU is an orthonomal MEB of C
d ⊗ Cd.
(2) By Definition (1.1), ΦU and ΦV are mutually unbiased if and only if for any
ξ, ξ′, η, η′ ∈ R,
|〈ψU |Hfξ,ηHξ′,η′ |ψV 〉| = 1/d.
In fact, by (2.2) we have
〈ψU |Hfξ,ηHξ′η′ |ψV 〉 =
1
d
∑
r,r′∈R
λ(rξ)λ(r′ξ′)〈er|er′〉〈er+η|UfV |er′+η′〉
=
1
d
∑
r∈R
λ(r(ξ′ − ξ))〈er+η|W |er+η′〉
=
1
d
∑
r∈R
λ(r(ξ′ − ξ))ωr+η′,r+η(let l = r + η′)
=
1
d
λ(η(ξ′ − ξ))
∑
l∈R
λ(l(ξ′ − ξ))wl,l+η−η′.
Since |λ(η(ξ′ − ξ))| = 1, we know that ΦU and ΦV are mutually unbiased if and only
if for any ξ, η ∈ R, |∑l∈R λ(lξ)ωl,l+η| = 1.
In the next section we will find specific unitary Ui(1 ≤ i ≤ m) for some m, such
that ΦUi(1 ≤ i ≤ m) are mutually unbiased by using the criterion given in Lemma 2.1
(2).
3 Construction of MUMEB’s in Cd ⊗ Cd
Let d ≥ 2, R be a commutative ring with d elements and generic additive character λ,
R∗ be the group of invertible elements of R. For each b ∈ R∗ we define an operator
U (b) on Cd by
U (b) = (u(b)rs )r,s∈R, u
(b)
rs = δbr,s (3.1)
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Namely, for each r ∈ R,
U (b)|er〉 =
∑
l∈R
u
(b)
rl |el〉 =
∑
l∈R
δbr,l|el〉 = ebr〉 (3.2)
which means that U (b) is a permutation matrix. From (3.2) we know that for a, b ∈ R∗,
U (a) = Id if and only if a = 1, and
U (a)U (b) = U (ab), U (b)
f
= U (b
−1) = U (b)
−1
.
Therefore U (b)
f
U (b) = Id. Namely, U
(b) is unitary for all b ∈ R∗.
Lemma 3.1 If a, b ∈ R∗ and a − b ∈ R∗, two orthonomal MEB’s ΦU (a) and ΦU (b)
are mutually unbiased.
Proof. By Lemma 2.1(2), we need to show that for any ξ, η ∈ R,
|
∑
r∈R
λ(ξr)u
(c)
r,r+η| = 1,
where c = ba−1 since U (a)
f
U (b) = U (c). By (3.1),
∑
r∈R
λ(ξr)u
(c)
r,r+η =
∑
r∈R
λ(ξr)δcr,r+η (3.3)
The assumption a− b ∈ R∗ implies that c− 1 = −a−1(a− b) ∈ R∗. Thus for any η ∈ R
the equation cr = r + η has unique solution r = η(c− 1)−1 ∈ R. Therefore
|
∑
r∈R
λ(ξr)u
(c)
r,r+η = |λ(ξη(c− 1)−1)| = 1
which means that ΦU (a) and ΦU (b) are mutually unbiased.
As a direct consequence of Lemma 3.1, we get the following result.
Theorem 3.2 Let d ≥ 3, R be a commutative ring with d elements and generic
character λ of (R,+), R∗ be the group of invertible elements of R. If there exists a
subset S of R∗, |S| = m ≥ 2, satisfying the following condition
(∗) For any distinct elements b, b′ in S, b− b′ ∈ R∗.
Then there exist m MUMEB’s in Cd ⊗ Cd.
Proof. Let S = {b1, . . . , bm}. U (bi)(1 ≤ i ≤ m) are unitary operators on Cd defined
by (3.1). Then ΦU (bi) = {Hξ,η|ΦU (bi)〉 : ξ, η ∈ R}(1 ≤ i ≤ m), defined by (2.2), are
orthonomal maximally entangled bases in Cd⊗Cd (Lemma 2.1). From assumption (∗)
and Lemma 3.1 we know that these m MEB’s are mutually unbiased. This completes
the proof of Theorem 3.2.
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As an application of Theorem 3.2, we have the following result.
Theorem 3.3 Let d = pa11 p
a2
2 . . . p
as
s , 3 ≤ pa11 ≤ pa22 ≤ · · · ≤ pass , where p1, . . . , ps are
distinct primes. Then M(d, d) ≥ pa11 − 1. Namely, there exist pa11 − 1(≥ 2) MUMEB’s
in Cd ⊗ Cd.
Proof. Let qi = p
ai
i (≥ 3). We take R = Fq1 ⊕ Fq2 ⊕ · · · ⊕ Fqs (a direct sum of finite
fields). For each i we have the trace map
Ti : Fqi → Fpi, Ti(x) = x+ xpi + xpi
2
+ · · ·+ xpiai−1(x ∈ Fqi)
It is known that λi : Fqi → 〈ζpi〉, λi(x) = ζTi(x)pi is a generic character of (Fqi,+).
Namely, for any a ∈ F∗qi = Fqi\{0},
∑
x∈Fqi
λi(ax) =
∑
x∈Fqi
λ(x)i = 0.
For x = (x1, . . . , xs) ∈ R (xi ∈ Fqi), we define
λ(x) = λ1(x1) . . . λs(xs)
which is a character of (R,+). Moreover, if 0 6= c = (c1, . . . , cs) ∈ R, there exists
j(1 ≤ j ≤ s) such that cj 6= 0. Then cx = (c1x1, . . . , csxs) and
∑
x∈R
λ(cx) =
∑
xi∈Fqi
(1≤i≤s)
λ1(c1x1) · · ·λs(csxs) =
s∏
i=1
∑
xi∈Fqi
λi(cixi) = 0
since
∑
xj∈Fqj
λj(cjxj) = 0. Therefore the character λ is generic.
Let F∗q1 = Fq1\{0} = {b(1)1 , . . . , b(1)q1−1}. By qi − 1 ≥ q1 − 1(2 ≤ i ≤ s), we can take a
subset {b(i)1 , . . . , b(i)q1−1} of F∗qi(2 ≤ i ≤ s). Then
bl = (b
(1)
l , b
(2)
l . . . , b
(s)
l ) ∈ F∗q1 ⊕ F∗q2 ⊕ · · · ⊕ F∗qs = R∗ (1 ≤ l ≤ q1 − 1).
Moreover, for 1 ≤ l 6= l′ ≤ q1 − 1, we have b(i)l 6= b(i)l′ (1 ≤ i ≤ s). Therefore
bl − bl′ = (b(1)l − b(1)l′ , . . . , b(s)l − b(s)l′ ) ∈ R∗
which means the subset S = {b1, . . . , bq1−1} of R∗ satisfies the assumption (∗) of The-
orem 3.2. By Theorem 3.2, there exist |S| = pa11 − 1 MUMEB’s in Cd ⊗ Cd.
4 Conclusion
We slightly generalize the method to construct mutually unbiased (orthonormal)
maximal entangled bases (MUMEB’s) in Cd ⊗ Cd given in [16] by using arbitrary
commutative ring R with d elements and generic additive character instead of Zd. For
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d = q1 . . . qs, where 3 ≤ q1 ≤ · · · ≤ qs and qi = paii where p1, . . . , ps are distinct primes,
we present q1 − 1 MUMEB’s in Cd ⊗ Cd by taking R as the direct product of finite
fields Fq1 ⊕ · · ·⊕Fqs. Therefore M(d, d) ≥ q1− 1 where M(d, d′) is the maximal size of
MUMEB’s in Cd ⊗Cd′ . Particularly, if d = pa ≥ 3 is a power of prime number p, then
M(d, d) ≥ d− 1.
LetN(d) be the maximal size of MUB’s in Cd, as we stated in Section 1, N(d) ≤ d+1
by using Welch bound in sphere design theory and N(d) = d + 1 for d being a power
of a prime. For MUMEB case, we raise the following open problems.
(1). What is a reasonable upper bound of M(d, d′)? In the first step, can we
determine the exact values M(d, d) for smaller d or d = pa?
(2). Can we find a method to improve the lower bound ofM(d, d) given by Theorem
3.3? More generally, for d′ ≥ d, can we find a systematic way to construct MUMEB’s
with large size in Cd ⊗ Cd′ ?
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